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This work aims to provide simple and accurate closed-form approximations to predict the scattering

and absorption spectra of metallic nanospheres and nanoshells supporting localised surface plasmon

resonances. Particular attention is given to the validity and accuracy of these expressions in the range of
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nanoparticle sizes relevant to plasmonics, typically limited to around 100 nm in diameter. Using recent
results on the rigorous radiative correction of electrostatic solutions, we propose a new set of long-
wavelength polarizability approximations for both nanospheres and nanoshells. The improvement

offered by these expressions is demonstrated with direct comparisons to other approximations
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1 Introduction

Small particles of noble metals in the size range of about 5 nm
to 100 nm present unique optical characteristics, owing to the
excitation of localised surface plasmon resonances (LSPRs).
This resonant coupling between light and the free conduction
electrons"? is strongly dependent on the material properties—
the plasma frequency of the metal®* in particular—but also on
the size and geometry of the nanoparticle, as well as the
refractive index of the embedding medium.>*

The excitation of LSPRs is readily observed in the far-field as
a magnified interaction with the incident light, where both
scattering and absorption cross-sections are greatly enhanced
at resonance. Naturally, LSPRs also intensify the local electric
field in close proximity to the metal surface. It is the combi-
nation of these two crucial features—amplification of the
electromagnetic field and focussing of far-field radiation to
subwavelength near-field regions—that justifies their use as
“nanoantennas””® with a wide range of practical applications.
The excitation of LSPRs is indeed crucial to the field of surface-
enhanced Raman spectroscopy (SERS) and surface-enhanced
fluorescence.»®'® LSPRs can also be exploited for refractive-
index sensing and bio-sensing (both relying on the large
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previously obtained in the literature, and their absolute accuracy is tested against the exact Mie theory.

sensitivity of the LSPRs to changes in the surrounding medium),""*>

and also for applications such as photo-thermal therapy'*'*
imaging."®

The optical properties of the bulk metal, characterised by its
dielectric function, partly determine: (i) the range of wave-
lengths over which LSPRs can be excited: it is always below
the plasma frequency; and (ii) the strength or the quality factor
of the resonance, related to the optical absorption at the
resonance wavelength.'® The majority of studies have focused
on silver and gold as plasmonic materials, which exhibit the
best optical properties in the visible/NIR range for this purpose.
For example, silver nanoparticles can sustain intense LSPRs
across the visible range. Gold is less suitable for applications in
the blue/green part of the spectrum because of strong inter-
band absorption, but offers performances comparable to silver
in the red/NIR. Gold is in fact often preferred to silver in
this range because of its greater chemical stability and bio-
compatibility. For a given metal, the key properties of the LSPR
such as resonance wavelength and maximum field enhance-
ment can be further tuned by changing the nanoparticle shape
and size. Increasing the size results in a redshift of the
resonance, also accompanied by a detrimental broadening
and damping of the resonance."”'® Varying the particle shape
allows for a much greater tunability of the resonance,'® and
methods for synthesis of metallic nanoparticles with a wide
variety of shapes have been developed.”*>*

An alternative approach to tuning the resonance is the use of
composite particles, the simplest and most successful of which
are dielectric—core/metal-shell structures, also called nano-
shells. By altering the ratio of core-to-shell radii, the LSPR
can be tuned over a large range,**>* while retaining the simple

or
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Fig. 1 Far-field scattering (red) and absorption (blue) spectra of a 40 nm radius
gold nanosphere immersed in water (dashed lines), and a 40 nm gold nanoshell
(solid lines) with a glass core (refractive index = 1.5, core-to-shell ratio f = 0.9).
Scattering and absorption cross-sections are normalised by the geometrical cross-
section. For both types of particles a strong peak in scattering and absorption is
observed in the visible-NIR region of the spectrum, associated with the excitation
of a dipolar plasmon resonance; the nanoshell has a resonance frequency red-
shifted with respect to the homogeneous sphere, and its quality factor is
enhanced. A small contribution from a quadrupolar resonance appears at around
700 nm for the nanoshell. The colormap displayed as an inset presents the SERS
enhancement factor |E/E]* in the vicinity of the nanoshell at resonance
(4 = 875 nm). These graphs were produced with the freely available SERS and
plasmonics codes for Matlab.*2®

spherical geometry, which facilitates both fabrication of uniform
monodisperse solutions and interpretations of the results.
Nanoshells have been used in various contexts, including
SERS,?® refractive index sensing,”” and photothermal therapy."®

For applications and further developments, it is important
to be able to theoretically understand and predict the optical
properties of metallic nanoparticles, and much effort has been
dedicated to this problem. For non-spherical particles, it is
necessary to turn to numerical methods, such as finite-
difference-time-domain (FDTD) simulations,*® finite element
modelling (FEM),*® discrete-dipole approximation (DDA),*"*?
semi-analytic approaches like the T-matrix method,"®?**?* or
empirical approximations.”®> Nanospheres and nanoshells
enjoy the advantage that they can be readily modelled in the
exact framework of Mie theory.>*® Thanks to existing imple-
mentations (such as the SPlaC*”® used here), it is possible to
predict with minimum time and effort all properties of such
structures, including the details of the local field distribution,
as shown in the example of Fig. 1. However, such implementa-
tions, although accurate and efficient, remain numerical in
essence. Closed-form expressions, even approximate, are still
important for developing a physical intuition about the system
and for rapid and easy analysis of experimental data. In the
case of nanoparticles, the small dimensions (of order a)
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compared to the wavelength (1) present a natural route to such
an approximation. Indeed the electrostatics or quasi-static
approximation'*?® provides a simple analytical expression for
spheres (and nanoshells) that is valid in the limit of zero-size
(a/2 — 0)*” and useful for qualitative understanding.

Attempts have been made to improve this approximation by
expanding the solution of Mie theory to higher orders in the size
parameter (a/4), both for nanospheres***° and nanoshells.***!
We however believe that none of these previous works have
succeeded in providing expressions that are both relatively
simple and accurate in the range of interest (i.e. for diameters
up to ~100 nm). Moreover, although several approximate
expressions have been proposed, to the best of our knowledge
a comparative analysis of their respective merits has not been
carried out. We here argue that the choice of which expression is
the most appropriate to use should be guided by:

e The accuracy of these expressions (or equivalently, their
range of validity).

e The simplicity of the expressions; indeed there is no
interest in finding an approximation that is as complicated to
compute and manipulate as the original one.

e The compatibility with physical constraints. For example,
we can compute within Mie theory the extinction and scattering
coefficients Qexe and Qsca, from which the absorption coefficient
is derived as Q,ps = Qext — Qsca- The latter must be zero for non-
absorbing spheres and positive otherwise. If Q,ps is small, an
approximation may accurately predict Qex and Qgca, but predict
a non-physical negative Q,ps, and such a situation is clearly not
desirable as it violates energy conservation.

In fact, most of the expressions so far proposed in the
literature for nanospheres and nanoshells fail one or more of
these three criteria.

In this article, we compare the accuracy of a number of
possible small-size expansions of the Mie coefficients to predict
far-field optical properties (extinction, scattering, and absorp-
tion) of metallic nanospheres. We in particular highlight how
various forms of these expansions can be written, which,
although equivalent to a given order, vary significantly in their
accuracy for predicting LSPR properties. We also use recent
developments in the understanding of the radiative correc-
tion®>*> to propose simple and accurate new expressions for
nanospheres, and study their range of validity. These results are
then extended to the case of nanoshells. These expressions
should prove very useful for a quick comparison with experi-
mental results and may provide further physical insight into
the behaviour of LSPR in nanospheres and nanoshells.

2 Metallic nanospheres
2.1 Brief review of Mie theory

Without going into the full details of Mie theory (see e.g. Ch. 4
in ref. 2 or App. H in ref. 4), we first define for completeness the
main notations and recall the expressions most relevant to
this work.

We consider first a homogeneous, non-magnetic and iso-
tropic sphere of radius a with relative dielectric function &g
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(possibly complex and wavelength dependent) in a non-absorbing
embedding medium of relative dielectric constant ¢, (which is
real and positive and e, = n,,,%, where n,,, is the refractive index)
and define the relative refractive index as:

g= Vs 1

o 1)

For time-harmonic excitation at wavelength 4, the wave-vector
in the medium is k = 2/, /2 and we define the dimension-
less size parameter Xx,

x =ka= 2nm% 2)

In this work, we will only consider silver and gold spheres, and
use for ¢5(w) the corresponding bulk dielectric functions, given by
analytical fits to experimental data as given in ref. 4, 43 and 44.
Note that any small-size effects” on ¢, are neglected for simplicity.
It would however be straightforward to include, for example,
electron surface scattering effects*>*® within our formalism.

The optical response of the sphere is then entirely defined
by the Mie susceptibilities I', and 4, (note that n = 1,2,...
defines the multipole order), which will be conveniently
expressed here as:

Fn = 70;11//051; An = 7D;11//D$7 (3)
where
Cl = 5w, (X)W, (5X) = W (XD, (50), (4)
Gy = & (MW (%) — &, (X, (50), (5)
DY = Y, (X)W (5x) = s, (), (), (6)
D = & (X)W () — 5E, (), (59). ?)

The functions ,(x), x.(x), and &,(x) are the Riccati-Bessel
functions® defined in terms of the spherical Bessel and Hankel
functions as:

Wal(x) = x7a(%),  1nlx) = xy(x), (8)
En(x) = XBD(x) = Yrax) + ialx). )

In the standard case of plane wave excitation, the extinction,
scattering, and absorption coefficients (i.e. cross-sections
normalised to the geometrical cross-section) are obtained as:

Oext = —% (2n+ 1)[Re(I'y) + Re(4,)], (10)
2 2 2
Q= @ntD[ILF+14F]. ()
Oubs = Qext — Osca = *éz (2n+1)
n (12)

x [|F,,|2Re(1 + 1,71 + |4, Re (1 + A,f')].

The latter equation is a consequence of energy conservation,’
expressed as Qext = Qsca T Qabs. For physical solutions, we must
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have Q.ps = 0 for any type of incident excitation, which is
equivalent to:*”

1+Re(4, ) <0

(13)

(and an identical relation for I',) with the equality for non-
absorbing spheres (for which s is real).

2.2 Small sphere expansions and radiative corrections

There have been many attempts to find suitable small-
argument expansions of these susceptibilities, notably in the
context of plasmonics for the study of localised surface
plasmon resonances (LSPR) in metallic nanospheres, where
|s| may be relatively large. As x — 0, one can show that the
susceptibilities scale as

2n+3

Fn o X , 2n+1.

Ay o€ X (14)

The dominant contribution is therefore governed by 4, (electric
dipole) of order x°, the lowest term of which corresponding to
the quasi-static approximation.” The next lowest order includes
contribution from 4, (electric quadrupole) and I'; (magnetic
dipole), both of order x°. All other terms are of order at least x’.
The far field properties may therefore be approximated as:

2
QOext = *§R6(3A1 + 30 + 545 + 0(X7)) (15)

Qus = [P +3M P +514F +06D]. (g
When carrying out approximations of the susceptibilities, it is
important for physical reasons to retain the validity of the
energy conservation condition given above (eqn (13)). In order
to enforce this condition, we first write (a similar argument is
valid for I',,):

14+—=— 17
M (17)
where we have defined
) DY
Af = f—D%, (18)

similar to 4,, except for the substitution of ¢ by y, ie
D1 = 7,(x)Y), (sx) — s7,(x)¥,(sx). The energy conservation
condition (eqn (13)) is then expressed conveniently as:

Im(4%) < 0 (=0 for s real). (19)

In the special case of a non-absorbing scatterer (s real) y(sx) is
also real, and the latter condition, which reduces to 4% real, is
therefore trivially satisfied by inspection of eqn (18). It is not so
obvious to show that the equivalent expression on 4, (eqn (13))
is also satisfied. We have therefore argued recently** that this
alternative condition is much easier to check in approximate
treatments, and it provides a simple procedure for finding
approximations of the susceptibility that satisfy energy conser-
vation, namely: first find an approximation of 4% ~ A% that
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satisfies eqn (19) (at least in the desired range of validity), and
then deduce the approximate A%° from eqn (17), or explicitly:

N\ !
ASC_<—1+JJ .
4

We will demonstrate in the following sections that this opera-
tion improves the accuracy of approximate polarizability
expressions. This procedure is in fact a generalisation of the
commonly used radiative correction, previously introduced for
a dipole,*® and is a special case of a recently proposed general
formalism for radiative corrections applicable to arbitrary
scatterers.*?

(20)

2.3 Electric dipole contribution

For metallic nanospheres, the optical response is largely domi-
nated by a main dipolar LSPR, described by 4; and it is
therefore interesting to consider its approximation indepen-
dently of the other terms. Its resonant character is evident in
the wavelength-dependence of the far-field properties, given by:

6

Qext ~ 7Y2Re(Al) (21)
6

Qsca ~ ;‘Al |2 (22)

The full expression for 4, in terms of trigonometric functions is
given in Section SIIT for reference. The lowest order approxi-
mation to 4, is

0 _ 2is? — 1 3

1 *gm?v ) (23)

which is simply equivalent to the electrostatics approximation
(recall that s* = gg/ep,).

However, as highlighted in ref. 42, this approximation is
only valid up to very small sizes of ~5 nm for metallic spheres,
and in fact violates the optical theorem (it predicts a negative
absorption) as x increases.'” Moreover, since the electrostatics
approximation is size-independent (apart from a trivial scaling
factor), it does not predict the redshift and broadening of the
LSPR as the size increases, which originates from radiation
damping and a gradual dephasing of the field across the
particle.*® The radiative correction to this dipolar polarizability
can be obtained from the earlier considerations by noticing
that the lowest order approximation to A% is simply 4% ~ i4{),
since A4{) is of lowest order x* in eqn (17). Substituting this into
eqn (20), we obtain the radiative correction to 4, at lowest
order as

(A[10)7RC)71 — (A(lo))—l o 1’ (24)
which can be written in the more familiar form
(0)
0)-RC 4
AR = 71(()) (25)
1—4;

This formula is equivalent to the one proposed by Wokaun and
coworkers;*® the radiative correction of the lowest order polar-
izability presents a characteristic term 4(” of relative order x* in
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the denominator. However, as pointed out in ref. 42, the
improvement is marginal and not quantitative. It corrects the
problem of negative absorption as expected, but does not
predict the observable size-induced redshift of the LSPR.

Higher order expansions, up to third relative order, have
therefore been proposed, notably:**

2

X
-2+ 1)+ 0
0 10
A =4 ey (26)

0

In this expression, the Taylor expansions of the numerator and
the denominator are each exact to order 3. However, other
equally valid expansions to the same order could be obtained,
for example:*

1

B _ 4(0)
Al - Al 3x2s2 — 2 0) , ’ (27)
- -4 0
sz Ao
which corresponds to a Taylor expansion of 47", or
3x%s% =2
AC _ A(O) 1+=2 = A(O) 3 4 )
N ) +5S2+2+ 10N, (28)

which corresponds to a direct Taylor expansion of 4. Another
alternative, which amounts to a partial re-arrangement of A%
has also been proposed:***

1-=—+0(x%
D _ 40 10
A7 = 44 21810 (29)
2=y 4
022 A Tox

It is interesting to note that all these expressions are equivalent
to third relative order, i.e. they only differ in terms of fourth
relative order or higher (see also the general discussion of
Taylor expansions in Section SIt). Which one of these expan-
sions, if any, best describes the LSPR and is the most physical,
is an important question, which has not been investigated. In
terms of predicting the far-field properties of metallic nano-
spheres, case C fails badly even for the smallest sizes (not
shown here). As shown in Fig. 2, cases A and B seem to have a
larger range of validity, up to a & 20-30 nm, but then fail to
predict the correct redshift for B or the correct magnitude for A.
Case D (not shown here) is similar to case B (although margin-
ally worse). In fact, even if expressions A, B, and D contain a
term in the denominator of order x* corresponding to the
radiative correction of the lowest order term, closer inspection
reveals that cases A and D do not strictly satisfy eqn (13). This is
also evident in the negative absorption predicted at larger
sphere sizes (see Fig. 2).

Interestingly, case B, which corresponds to a Taylor expan-
sion of (4%)~" to order 5 (second relative order) followed by the
radiative correction as given by eqn (20), does satisfy exactly
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Fig. 2 Predictions of the dipolar localised surface plasmon resonance for a silver
nanosphere in water, as evidenced by the wavelength dependence of the far-
field properties: extinction, scattering, and absorption. Only the dominant electric
dipole response (corresponding to 4;) was included in these calculations. We
compare the exact result (bold/black lines) with the approximate results using 4%
from eqn (26) (red/dotted lines) and A8 from egn (27) (blue/dashed lines). The
vertical scales have been adjusted in each panel to improve the visualisation; the
magnitude of the maximum Qey, Qsca, and Qgps in each case is indicated for
information.

eqn (13) for all s and x. To see this, one may notice that we have
in this case

(30)

For s real, it is obvious that A% is real. Tt is also possible to show
that Im(4%) < 0 provided that Im(s*) > 0 (which is the case for
materials with no gain). Eqn (19) is therefore satisfied by the
approximated A%, which automatically implies eqn (13) for 43 =
—iA%/(1 + i4%) derived from eqn (20). Case B is therefore
arguably the most physical approximate expression of the
susceptibility that has been proposed when restricting oneself
to third relative order expansions.

Ideally, an approximation valid up to at least ¢ ~ 50 nm
would be desirable to cover the majority of relevant experi-
mental cases in plasmonics. We therefore seek to extend the
approximation obtained for 4% to fourth relative order. Writing
first (4%) " as:

1 - 3x2s2 =2 3xtst — 2457 4 16 o9, @1

A7 g0 5242 350 242

and applying the radiative correction formula (eqn (20)), we get:

A"
e ()
5242

AE-RC . (32
! 3xtst — 2452 + 16 (32)

S350 242
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Fig. 3 Predictions of the dipolar localised surface plasmon resonance for silver
(blue) and gold (red) nanospheres in water, as evidenced by the wavelength
dependence of the far-field properties: extinction, scattering, and absorption.
Only the dominant electric dipole response (corresponding to 4;) was included in
these calculations. We compare the exact result (solid lines) with the
simple fourth order approximation proposed in this work 457R¢ from eqn (32)
(dashed lines).

or, substituting the value of A{):

%ix3 (sz — l)
AE-RC _ S 3 - .
2
22— 3%(32 —2) -2 - 1) - %(34 ~ 2452 4 16)

(33)

As shown in Fig. 3, this relatively simple formula predicts
almost perfectly the dipolar LSP resonance profiles of extinc-
tion, scattering and absorption of silver and gold nanospheres
up to a diameter of at least 2a = 140 nm and even semi-
quantitatively up to 2a = 200 nm. While the exact Mie coeffi-
cient for the dipolar term could also be calculated with simple
trigonometric functions (see Section SIIf), the polynomial
expansion given in eqn (33) can provide a more direct assess-
ment of the different correction terms in connection to the
electrostatic result, as a function of the size parameter.

2.4 Higher order multipoles

We have so far considered only the optical response associated
with the electric dipole term 44, which is dominant for small
spheres. However, for sphere sizes increasing up to a & 50 nm,
the electric quadrupole 4, and magnetic dipole I'; terms are no
longer negligible in metal particles. Their respective lowest
order expansions have also been considered in approximate
treatment of nanospheres.’”*® These are:

0) i 2—1 5

AV =~ 34
2 T30 432 (34)
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and

0 _ 1
I 45(s —1)x°. (35)
Note that for metallic spheres, 45" exhibits a resonance for Re(s?) =
—3/2, corresponding to the quadrupolar LSPR, but I © has no such
feature.” As a result, the latter is for most purposes negligible. It is
only when the LSP resonances are strongly damped (e.g. for larger
gold particles with resonances below 550 nm) that it may be worth
including it in the approximation. In such cases, one could use the
radiatively-corrected lowest order approximation:
i
)Y
r{O-r¢ = —45 . (36)
1 — —(s2 —1)x°
5D
As for A4,, the lowest order approximation AQ fails pretty
rapidly as the size increases, even when including a radiative
correction. Following the previous procedure, we therefore
expand to next order to get
e - 5 1
(45)'= (iA(2°>) [1 T

4
7 st oW

(37)

and apply the radiative correction formula (eqn (20)) to obtain:

1. s/0
ix’ (s — 1)
Ay = 30

38)
5x2 X0 (

2 i _

24324 T~ igg( = 1)

Note that the x> term in the denominator is the radiative correc-
tion terms and is here necessary (even if some lower order x* term
have been neglected) to ensure that the optical theorem is
satisfied. This approximation is accurate for gold spheres in water
up to @ = 50 nm and silver spheres in water up to a = 25 nm.

Perhaps unexpectedly, it is necessary to go to an even higher
order to model accurately the quadrupolar LSP of larger silver
spheres (@ > 25 nm). We then need to use:

1
G
A2%2+3/2+5x2 5x4(4+302 45)7~ﬁ(271).
s 14 2646 s 30"
(39)

In such nanospheres, the octupolar LSPR, characterised by 4;
is also visible in the far-field properties. In most cases of
interest, its contribution is neglected, but we nevertheless
include its expansion here for completeness. As for the dipolar
and quadrupolar cases, an expansion to fourth relative order is
necessary to account properly for the size-induced redshift, and
we therefore have (including radiative correction):

4 a2
. s 0
T SR o )
244 = 4 ——(s? — 1
§2 + /3+135(s +4)— 10692(5 +8s2 —32) — 14725(s )

(40)

The validity of these approximations is illustrated in Fig. 4 by
comparison with exact results from Mie theory for silver
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Fig. 4 Predicted far-field spectra of the scattering and absorption coefficients of
silver nanospheres in water. Exact results (solid lines) are obtained from Mie
theory while the approximated results (dashed lines) are obtained from the
expressions obtained in this work. The terms included in the approximation
correspond to the electric dipole 4 (approximated by eqn (33)), electric
quadrupole 4, (egn (39)), and electric octupole 43 (eqn (40)). The black
solid line is the converged Mie solution including multipoles of all orders, shown
for comparison.

nanospheres in water. We find that it is not necessary to include
the magnetic dipole term (I';) as the LSP resonances strongly
dominate the spectra. As shown in Fig. 3, the dipolar LSP
resonance is well described by 4; approximated by eqn (33),
but higher order resonances must be included to describe
accurately the overall spectrum. Adding the electric quadrupole
term (4,, approximated by eqn (39)) is sufficient up to at least a =
30 nm, but for a = 50 nm and above, one may also want to add
the octupolar term (43, approximated by eqn (40)), in particular
to model the absorption cross-section. The approximated expres-
sions are found to be in excellent agreement up to at least a =
50 nm and in reasonable agreement up to a = 70 nm.

In the case of gold nanospheres in water (see Fig. S21), only
the electric dipole term (4,, approximated by eqn (33)) needs to
be included, as the higher order resonances are strongly damped
by the large absorption below ~550 nm. One may also include
the magnetic dipole term (I';, approximated by eqn (36)) for a
slightly better quantitative agreement. The proposed approxi-
mation of the far field properties is then extremely good up
to a = 50 nm (100 nm diameter), and even to some extent up
to a = 70 nm, where it only fails to predict the absorption
coefficient.

3 Nanoshells
3.1 General principle

We now show how these arguments can be extended to the more
complicated case of a nanoshell, ie. a composite scatterer
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Fig. 5 The geometry of a nanoshell, defined by two concentric
spherical surfaces partitioning space into three disjointed regions. The
core (g), the shell (&) and the outer medium (¢,) are each characterised
by a distinct dielectric constant. We also define reduced variables used in
the text.

consisting of two concentric spheres as illustrated in Fig. 5. The
exact solution can be found again from a simple extension of Mie
theory to the case of multiple spherical interfaces.*® More elabo-
rate models have also been used to study non-local effects.”
Taylor expansions of the Mie solution have been provided by Alam
and Massoud,” and further developed by Li et al*' In both of
these studies, no attempts were made to find the simplest, most
accurate expansions at a given (low) order. As a result, the
approximate expressions end up being more complicated than
the original expressions they approximate. To remedy this
problem, we here use what we have learnt in the previous section
in the case of nanospheres to obtain both simple and accurate
expressions. We will in particular carry out Taylor expansions of
the inverse susceptibilities, and apply again the concept of
radiative correction.” Moreover, in ref. 40 and 41 Taylor
expansions are carried out with respect to both sphere radii,
a, and a,, which makes it very difficult to isolate the electro-
statics limit (a;, @, — 0 with a,/a, constant). In fact, expansions to
third relative order are then necessary to obtain the electrostatics
limit. We here instead consider a fixed ratio f = a,/a,, which
defines the internal structure of the nanoshell, and carry out
expansion with respect to the overall nanoshell size characterized
by a,, at a fixed f. The electrostatics limit then arises naturally as
the lowest order term. This considerably simplifies the expres-
sions obtained, and their use for further physical analysis of the
scattering problem.

The validity of the obtained expressions will be tested for
model structures of interest: silica core (refractive index of 1.5)/
metal shell (silver or gold).

3.2 Mie theory solution for nanoshells

We consider a spherical shell (see Fig. 5), characterised by two
concentric radii ¢; < a, and three dielectric constants & (core), &
(shell) and ¢, (embedding medium). The size-independent
internal structure is determined by the filling ratio f = a,/a, €
(0,1). The size parameter is determined by the outer radius
and defined as x = 2na,,/en/4 and for a fixed f corresponds to
uniform scaling of the entire particle. We also define relative
refractive indices s; = /&5/\/em and s = \/éc/\/ém. For simpli-
city, we focus here only on the electric Mie susceptibilities,
denoted by §,:**"*

This journal is © the Owner Societies 2013
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O my/dy,

my =Y, (3) [, (55%) + Au(s1,x1) & (55)]
=85 [W,,(55%) 4 A (51, %1) E (55) 9, (%),

dy = 53, (5s%) + Au(s1,%1) (56X, (x)
=& () [, (55%) + Au(s1, x1) &, (55%)],

(41)

where 4,(sq,x;) is the single-sphere Mie susceptibility of the
core sphere embedded in an infinite shell, i.e. eqn (3) with x; =
f8sXy S1 = Sc/Ss.

One may notice that the four expressions in brackets can be
simplified as for example: [{,(ssX) + 4,,(51,%1)En(ss%)] = fnlssx) +
A%(s1,%1)1n(ssx)], i-e. this amounts to replacing ¢ by iy. Since y
has a simpler Taylor expansion than ¢ (for example it has a well-
defined parity, but not &), it is beneficial here to use this
equivalent formulation.

Moreover, following the method we used for spheres for
radiative correction, we will also rewrite the electric suscepti-
bility of the nanoshell as:

(0n) "= =1 +i(o7) (42)
where 0% can be expressed as:
op  =ni/dy,
mi =, () [ (553) + A (s1, x1) 71, (5) ]
=85 [, (55) + A% (51,501 1 (55) [, (%), (43)

df = s [, (5sx) + Af(s1,x0) 7, (56%) ] 15, (%)

=1 (%) [ (55) + A (51, x1)2, (5]

3.3 Lowest order and electrostatics approximation

Assuming the particle is small compared to the wavelength in
the incident medium, we now seek approximate expressions to
the dipolar electric susceptibility 6; by means of Taylor expan-
sion about x = 0. The general procedure for this is detailed in
Section SIV.T

It can be shown that the lowest order approximation to d, is

2i[ s5%€a — &b
5(0) 08 A %3 44
1 3 |5s26a + 2ep A (44)
where
&y :SC2(1+2f3)+2S52(1 _f3)7
(45)

e =s2(1—f3) +s522+/7),

which is equivalent to the electrostatic expression obtained by
Averitt et al.*® (hence the nomenclature). Note that when:
(i) f=0, ss = s; (ii) ss = sc = s; and (iii) f= 1, s. = s, we should
recover A{) given in eqn (23). To make this more explicit, we
define the ratio:

€a

r= (46)

b
&b
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and rewrite 5 as

e 2
() 2i[rsgt —1
oV = ?[rssz - 2} x> (47)

Since r = 1if f= 0 or s, = s, and rs,> = s> if f= 1, these three
special cases reduce naturally to AP as expected.

A similar method applied to the electric quadrupolar
susceptibility d, yields:

View Article Online

approximation, and in particular express the results in terms
of r as before. We obtained:

] ] 3125,
(562 = 1)[(3r = 2)ss% — 2] +T(V -

(rss2 — 1)(rss2 +2)

1)(sc2 — 2552)

o =

(51)

Note that for r =1 (i.e. if f= 0 or s = s;), we directly recover the
sphere result (eqn (27)). If f= 1, then rs,®> = s.> and 3f°s"/ep, = 57,

50 | 8% — 8 | s i|Fss2—1] (48) so the sphere result is also recovered after simple algebraic
5 =5 73 X = — 3 X7, . . . .
30 8582 + 5tb 30 Fss? 45 51mp11f1cat10'ns- . . s
2 2 After radiative correction, the Mie susceptibility therefore
has the form (correct to third relative order):
where
. - = (0)
;e oo W )
~ . . X 5(0)
G =52 (243°) +3s2(1 = f7), (49) I——m -9
B =257 (1—17) +57(3+217). or explicitly:
2
—lx3 (rss2 - 1)
SRC — 3 T (53)
L i S A e NS
rss?+2 -~ o) - 3" (rss?2 —1)

Again note that =1 if f= 0 or s; = s, and rs,> = s.” if f= 1, so that
setting: (i) f= 0, ss = s; (ii) ss = s. = s; and (iii) f= 1, s, = s in

eqn (48) and (49) naturally yields the expression for A%

obtained earlier in eqn (34) as expected.

3.4 Higher order corrections

As for the sphere, the lowest order approximations rapidly fail
as the nanoshell size increases. There are many possible routes
to obtaining higher-order polynomial approximations to d;.
Alam and Massoud*® and Li et al.*" heroically derived analytic
expressions for ¢, by Taylor expansion of the numerator and
the denominator, each up to the sixth order in both
a, and a,. Although this procedure yields results that are close
to the exact Mie theory, it involves cumbersome polynomials
that are not really easier to deal with than the exact expressions.
By following the procedure used for spheres and expanding
only in x (at a fixed f), we can derive considerably simpler yet
accurate expressions. The derivation involves expanding first
(09" as:

00" = ()" {1 Lo 6o

The factor —3/5 is included by analogy with the sphere result
(eqn (27)). Part of the difficulty here is to write ¢, in a form that
is simple enough to be usable. To this end, we chose to
reuse the expressions already defined in the electrostatics

4240 | Phys. Chem. Chem. Phys., 2013, 15,4233-4242

As illustrated in Fig. 6, this second order approximation
predicts almost exactly the dipolar LSP resonances of silver
nanoshells up to at least a, = 30 nm, for all values of the filling
factor f. However, as for nanospheres, the approximation loses
accuracy for nanoshells of radius a, = 50 nm, except in the case
of thin shells (f close to 1), where it remains valid. We therefore
also provide for completeness the expression for the fourth-
order correction of the dipolar susceptibility of nanoshells,
following the same method as that used for the second order
(see Section SIVT for details). We obtained:

R 5"
51 = 3x2 3 (0)7 (54)
] — gy — — 4 _
s o 3 Socxzx 0,
where
1
Oy =

(rs2 — 1)(rsg2 +2)

2 _
x {Y 3 1[(43;‘2 — 73r +32)s,* + (25 — 73r)s,* + 32]

34,Y4
EAL)

(r— 1)(s* — 245,25, + 165,%)
&p

) “D(r — 2 2
+]26.§52(SSZ 1)( 1) é((47 3r)s,y2+1)+j—332(s(,272s32)} }

rsg? — 1 &b
(55)

This expression is then very accurate (see Fig. 6) up to at
least @, = 70 nm for all types of nanoshells (low and large f).
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- = Approximation
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Fig. 6 Far-field extinction coefficients for silver nanoshells (core refractive index 1.5) immersed in water, with varying filling ratios f= 0.2 to f=0.9. The black solid line

is the fully converged result from Mie theory, including multipoles of all orders. For the radii a; = 30 nm and a, = 50 nm (first two rows), we compare the second-order
expressions (dashed lines) for 54 (eqn (53); red) and 6, (egn (56); blue) to the corresponding term from Mie theory (solid lines). For the larger particle size a, = 70 nm,
only the dipolar term is shown, with a comparison between the second order (eqn (53)) and fourth-order (eqn (54)) approximations (red and green dashed lines,

respectively). Note how in all cases the agreement between the exact and the approximate expressions improves as f increases.

As for spheres, larger shells also exhibit a non-negligible
quadrupolar LSP resonance associated with the electric quad-
rupolar susceptibility J,. We may follow the same procedure for
this term to get (to second-relative order):

i

4 Conclusion

We believe the new analytic approximations proposed in this
work will be valuable for rapid, yet quantitative, comparison

S —
SRC_ 30x (Fss 1) 56
2 5f2S56 ) ( )
3 52 (s = 1)[(1 = F)ss® +1] +T(f— DR
Fe 24> z (s — 1
R R, Fl=1) 30—

which reduces to eqn (38) for spheres if # =1 (i.e. f= 0 or
ss = Sc) or if f=1. As shown in Fig. 6, this expression accurately
predicts the quadrupolar LSP resonance up to at least
a, = 30 nm and even up to a, = 50 nm for thinner shells
(f = 0.3).

Finally, we provide in Fig. S3t a figure equivalent to Fig. 6
but for gold nanoshells in water. It is clear that these expres-
sions are also valid to model the optical properties of gold
nanoshells up to at least a, = 50 nm.

This journal is © the Owner Societies 2013

with experimental results in optical studies of plasmonic
nanoparticles with spherical symmetry, i.e. spheres or shells.
They could also provide the basis for further theoretical
description of LSPRs in such structures. This detailed compar-
ison moreover highlights a number of often overlooked, yet
important features of such analytic expansions. Firstly, the fact
that various forms of these expansions can be written, which,
although equivalent to a given order, vary significantly in their
accuracy for predicting LSPR properties. Secondly, the results
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highlight the effectiveness of the recently-introduced general

radiative correction scheme

3942 to improve the accuracy of

such expansions and maintain the physical requirement of
energy conservation.

References

1

2

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

H. C. van de Hulst, Light scattering by small particles, Dover
Publications, New York, 1981.

C. F. Bohren and D. R. Huffman, Absorption and scattering of
light by small particles, John Wiley & Sons Inc., New York, 1983.
J. D. Jackson, Classical electrodynamics, Wiley, New York,
3rd edn, 1998.

E. C. Le Ru and P. G. Etchegoin, Principles of surface-
enhanced Raman spectroscopy and related plasmonic effects,
Elsevier, Amsterdam, 2009.

K. A. Willets and R. P. Van Duyne, Annu. Rev. Phys. Chem.,
2007, 58, 267-297.

A. McFarland and R. P. Van Duyne, Nano Lett., 2003, 3,
1057-1062.

P. Bharadwaj, B. Deutsch and L. Novotny, Adv. Opt. Photonics,
2009, 1, 438-483.

L. Novotny and N. van Hulst, Nat. Photonics, 2011, 5, 83-90.
M. Moskovits, Rev. Mod. Phys., 1985, 57, 783-826.

R. Aroca, Surface-enhanced vibrational spectroscopy, John
Wiley & Sons, Chichester, 2006.

S. Enoch, R. Quidant and G. Badenes, Opt. Express, 2004, 12,
3422-3427.

M. M. Miller and A. A. Lazarides, J. Phys. Chem. B, 2005, 109,
21556-21565.

D. P. O’Neal, L. R. Hirsch, N. J. Halas, J. D. Payne and
J. L. West, Cancer Lett., 2004, 109, 171-176.

X. Huang, P. K. Jain, I. H. El-Sayed and M. A. El-Sayed, Lasers
Med. Sci., 2008, 23, 217-228.

M. F. Garcia-Parajo, Nat. Photonics, 2008, 2, 201-203.

F. Wang and Y. R. Shen, Phys. Rev. Lett., 2006, 97, 206806.

K. L. Kelly, E. Coronado, L. L. Zhao and G. C. Schatz, J. Phys.
Chem. B, 2003, 107, 668—677.

R. Boyack and E. C. Le Ru, Phys. Chem. Chem. Phys., 2009,
11, 7398-7405.

C. Sonnichsen, T. Franzl, T. Wilk, G. von Plessen,
J. Feldmann, O. Wilson and P. Mulvaney, Phys. Rev. Lett.,
2002, 88, 077402.

Y. Xia and N. ]J. Halas, MRS Bull., 2005, 30, 338-348.

B. Wiley, Y. Sun and Y. Xia, Acc. Chem. Res., 2007, 40, 1067-1076.
X. Lu, M. Rycenga, S. E. Skrabalak, B. Wiley and Y. Xia,
Annu. Rev. Phys. Chem., 2009, 60, 167-192.

R. D. Averitt, D. Sarkar and N. J. Halas, Phys. Rev. Lett., 1997,
78, 4217-4220.

N. Halas, MRS Bull., 2005, 30, 362-367.

4242 | Phys. Chem. Chem. Phys, 2013, 15,4233-4242

25

26

27

28

29

30

31

32

33

34

35

36

37

38
39

40

41

42

43

44
45

46

47
48
49
50

View Article Online

L. Hirsch, A. Gobin, A. Lowery, F. Tam, R. Drezek, N. Halas
and J. West, Ann. Biomed. Eng., 2006, 34, 15-22.

J. B. Jackson, S. L. Westcott, L. R. Hirsch, J. L. West and
N. J. Halas, Appl. Phys. Lett., 2003, 82, 257-259.

F. Tam, C. Moran and N. Halas, J. Phys. Chem. B, 2004, 108,
17290-17294.

E. C. Le Ru and P. G. Etchegoin, SERS and Plasmonics Codes
(SPlaC), Matlab codes freely available from http://www.vuw.
ac.nz/raman/book/codes.aspx.

A. Taflove and S. Hagness, Computational electrodynamics:
the finite-difference time-domain method, Artech House,
Boston, 2000.

J. Jin, The finite element method in electromagnetics,
Wiley-IEEE Press, New York, 2nd edn, 2002.

B. T. Draine and P. ]J. Flatau, J. Opt. Soc. Am. A, 1994, 11,
1491-1499.

W.-H. Yang, G. C. Schatz and R. P. Van Duyne, J. Chem.
Phys., 1995, 103, 869-875.

M. I. Mishchenko, L. D. Travis and A. A. Lacis, Scattering,
absorption and emission of light by small particles, Cambridge
University Press, Cambridge, 3rd edn, 2002.

B. N. Khlebtsov and N. G. Khlebtsov, J. Phys. Chem. C, 2007,
111, 11516-11527.

H. Kuwata, H. Tamaru, K. Esumi and K. Miyano, Appl. Phys.
Lett., 2003, 83, 4625-4627.

M. Kerker, The scattering of light and other electromagnetic
radiation, Academic Press, New York, 1969.

M. Kerker, P. Scheiner and D. D. Cooke, J. Opt. Soc. Am.,
1978, 68, 135-137.

W. J. Wiscombe, Appl. Opt., 1980, 19, 1505-1509.

A. Wokaun, J. P. Gordon and P. F. Liao, Phys. Rev. Lett., 1982,
48, 957-960.

M. Alam and Y. Massoud, IEEE Trans. Nanotechnol., 2006, 5,
265-272.

J-W. Li, Z-C. Li, H.-Y. She, S. Zouhdi, J. Mosig and
O. Martin, IEEE Trans. Nanotechnol., 2009, 8, 617-626.

E. C. Le Ru, W. R. C. Somerville and B. Auguié, Phys. Rev. A,
2013, 87, 012504.

P. G. Etchegoin, E. C. Le Ru and M. Meyer, J. Chem. Phys.,
2006, 125, 164705.

R. Rojas and F. Claro, J. Chem. Phys., 1993, 98, 998-1006.
R. D. Averitt, S. L. Westcott and N. J. Halas, J. Opt. Soc. Am. B,
1999, 16, 1824-1832.

S. L. Westcott, J. B. Jackson, C. Radloff and N. J. Halas, Phys.
Rev. B: Condens. Matter Mater. Phys., 2002, 66, 155431.

P. Chylek and R. G. Pinnick, Appl. Opt., 1979, 18, 1123-1124.
M. Meier and A. Wokaun, Opt. Lett., 1983, 8, 581-583.
A.L. Aden and M. Kerker, J. Appl. Phys., 1951, 22, 1242-1246.
E. Prodan, P. Nordlander and N. J. Halas, Nano Lett., 2003, 3,
1411-1415.

This journal is © the Owner Societies 2013


http://dx.doi.org/10.1039/c3cp44124e

Electronic Supplementary Material (ESI) for Physical Chemistry Chemical Physics
This journal is © The Owner Societies 2013

Electronic Supplementary Information to “Simple accurate approximations for the
optical properties of metallic nanospheres and nanoshells”

Dmitri Schebarchov, Baptiste Auguié, and Eric C. Le Ru*
The MacDiarmid Institute for Advanced Materials and Nanotechnology, School of Chemical and Physical Sciences,
Victoria University of Wellington, PO Box 600, Wellington 6140, New Zealand
(Dated: November 20, 2012)

S.I. TAYLOR EXPANSIONS AND APPROXIMATIONS

One of the central ideas in this work is to use Taylor expansions up to a certain order in the size parameter = (which
is proportional to a/)\), to approximate the results of Mie theory. As we demonstrate explicitly here, there are usually
several ways of carrying out these expansions and the resulting approximations may vary dramatically in accuracy.
To clarify this point, we discuss in this supplementary section a few tutorial examples illustrating these concepts, and
summarized in Fig. S1. We consider a function f(z), which will typically represent a physical parameter such as the
extinction coefficient as a function of sphere size. Our goal is to find a simple approximation in the form of a Taylor
expansion around x = 0 (i.e. a Maclaurin series). The crudest approximation would be to include only the lowest
order term in the Taylor expansion, i.e. f(z) =~ fo(z), where fo(x) = aa™ for some integer n. Such an approximation
is only strictly valid in the limit of © — 0 and will typically correspond in our case to the electrostatics (or quasi-static)
approximation. If for example, f(x) = 2?/In(1 + ), then fo(x) = z and the approximation is correct (within 5%
relative accuracy) up to z & 0.1. To increase the range of validity of the approximation, one may use a higher order
Taylor expansion, i.e. f(x) = x(1+ x/2), which is then correct (within 5% relative accuracy) up to z ~ 1.2.

If we then want to approximate a function such as g(z) = In(1+x), there are two a priori equally valid approaches:
either we use the Taylor expansion of g(x) as before, or we use the previous approximation of f(z) to compute

4.0 T T T T T T 7]
—a—f(x)=x/In(1+x) S
35 H )% a
|| —— fo(x)=x ]
3o A f(X)=x(1+x/2) / i
—=—g(x)=In(1+x) /
25 7 —2—g,(x)=x(1-x/2) §
2 [l ——g.)=x/(1+x/2)
S 20 H 2 / .
—~ -
= 15 /,,/'/ ///./ _
/'/ ]
10 P ]
05 |- /,:-7/7&,7;;6\»‘ E
—_ = B 77‘A"‘ —
2 \——\,\\A\
0.0 . L . L . L
0.0 0.5 1.0 1.5 2.0

FIG. S1. Ilustration of how Taylor expansions can be used to obtain various approximations, with different accuracy, of a
function. Note that the best approximation for g(z) is obtained from g2 (), which correspond to a Taylor expansion of 1/g(x),
rather than from g1 (z), which is the standard Taylor expansion of g(z).
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g(z) = 22/ f(z). Explicitly, these two approaches give respectively
g(z) = gi1(z) =x2(1 —z/2), (S1)
T
9(x) = ga(x) (S2)

B 14+x/2

Note that these two approximations only differ in higher order terms, or explicitly g;(z) = go(z) +O(2?). But from a
purely practical point of view, go(z) is much more accurate, being 95%-correct up to z & 1.2 while g1 () is 95%-correct
only up to z ~ 0.4. This is also clear in the graph of Fig. S1. As we show in the main text, the same situation
happens when searching for approximations of Mie theory, and for a given order of expansion, several expressions can
be obtained. These expansions are equivalent at some order in x (like g; and g) but may be very different in their
accuracy, especially if some terms in the series are resonant.

S.JI. FULL EXPRESSION FOR THE ELECTRIC DIPOLAR SUSCEPTIBILITY OF A SPHERE

We here provide for reference the exact expression for the electric dipolar susceptibility of a sphere, Ay, as obtained
from Mie theory (s and x are defined in Sec. II):

A — —s(isins(:w) —cos(sw)) (L;(w) - L;(;) +sin(w))+(75h’;x) —cos(x))(icoss(:m) - 7:":2%;) +sin(sw))
L= s(isins(;m) 7cos(sz)) (LZ@) 77“2(;) +Sin(z)+i(7smw(m) +7C0;(2‘T) 7cos(z)))7(7sml(,m) 7cos(1)+i(7 LS;T’) 7sin(1)))(7cos(m) — 75?2:5) Jrsin(s:v)) ’

(S3)
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S.ITII. SUPPLEMENTARY FIGURES FOR GOLD NANOSPHERES AND NANOSHELLS IN WATER

Scattering Absorption
4.83 2.73

50 nm

a

70 nm

- - Approx.

a

— Exact (Mie)

4

L -l I

400 500 600 700 800 900400 500 600 700 800 900
Wavelength [nm]

FIG. S2. Equivalent of Fig. 4 but for gold nanospheres immersed in water. Predicted far-field spectra of the scattering and
absorption coefficients. Exact results (solid lines) are obtained from Mie theory while the approximated results (dashed lines)
are obtained from the expressions obtained in this work. The terms included in the approximation correspond to the electric
dipole A; (Eq. 33; red) and electric quadrupole Az (Eq. 39; blue). The black solid line, shown for comparison, is the converged
Mie solution including contributions from electric and magnetic multipoles of all orders.
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f=0.9

a,=30nm

a,=50nm

a,=70nm
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FIG. S3. Equivalent of Fig. 6 but for gold nanoshells (core refractive index 1.5) immersed in water showing the far-field
extinction coefficients with varying filling ratio f = 0.2 to f = 0.9. The black solid line is the fully converged result from Mie
theory, including electric and magnetic multipoles of all orders. For the radii az = 30nm and a2 = 50nm (first two rows), we
compare the second-order expressions (dashed lines) for 41 (Eq. 53; red) and d2 (Eq. 54; blue) to the corresponding term from
Mie theory (solid lines). For the larger particle size az = 70nm, we also compare the second order (Eq. 53) and fourth-order
(Eq. 54) approximations to d1 (red and green dashed lines, respectively). Note how in all cases the agreement between the
exact and the approximate expressions improves as f increases.
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S.IV. PROCEDURE FOR OBTAINING APPROXIMATE EXPRESSIONS FOR NANOSHELLS

Here we outline the procedure we used to manipulate the Taylor series expansion for §7 when seeking approximate
expressions for shells. By analogy, one could use the same procedure to approximate higher order Mie susceptibilities
(i.e. , and 7, with n > 1). We begin by rewriting the exact expression given in equation (43) of the manuscript as:

A(Ssax) + Aic(sh xl)B(SS’x)
C(ss,x) + AY(s1,71)D(ss,x)’

(S4)

(5%(.’1},53,.7}1, Sl) =

where A, B, C' and D are combinations of the Riccati-Bessel functions, which can be Taylor expanded about = = 0:

Alsan) = (@) (5,2) - ssir (.20 (2) = o [ A(s)a2m 40 ()]
Blsus) = il (500) —soxalsstlVf(@) = T Bu(s ) +0(2) | (s5)
C(ssax) - 831/)1(8599)X1($)/* 1(1')1/}3(351') - Zm:OCm(SS)x2m+O(xN) ’
Dsea) = soxa(saa)h(@) — i@ (s22) = a8 [S2 Dyu(s)a® 40 (V)]

where N = 2(M + 1). The Taylor coefficients A,,(ss), Bm(Ss), Cm(ss) and D,,(ss) can be readily written down in
terms of s if needed. Following the same procedure as in the approximation B for spheres, we first Taylor expand
the inverse of A¥(s1,x1) about x; = 0 and obtain:

M -1
AY(s1,21) = af | Y Em(s1)2™ + O (2 )] , (S6)
m=0

where the Taylor coefficients E,,(s1) can be explicitly written down in terms of s; = s./ss. Now, after substituting
x1 = fssx, we can manipulate the series and write 07 as

M
Z Ama®™ + 0 (x ] Z En{fssx}’™ + 0 (aV) | +{fs.}* | Y Bma®™ +0 (xN)]
6f = 2% x 2= 0 m= 0 WA;O
Z Crnz®™ + O (z ] Z En{fssa}”™ + 0 (z™)| + {fss}® [Z Dpx®™ + 0 (xN)]
m=0 m=0
M
Z {fss}°B,, + Z ARE{fs.}* J:Qm—i—O(xN)
m=0 k,l
_ $3 % L k+l=m : 7 (87)
M
Z {fss}3D,, + Z CrE{fss}? | 2™ + O (2V)
m=0 k,l
L k+l=m i
where the indices k and [ are non-negative integers in the range [0, M].
Isolating the lowest order term, we then have:
M -1
1+ Z Gpna®™ + 0 (zV)
(SX _ {fss} BO + AOEO m=1
1 = x X M ) (SS)
{fss} Dy + CoEy

1-— Zme2m+O(xN)

m=1
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where we introduced auxiliary coefficients
{fss*Bm+ > AvE{fs.}*
k.l
_ k+l=m
" {fss}° Bo + AoEo ’
and
{fss*Dm + > CpE{fs:}”
k.l
k+l=m
Gn =+
{fss}” Do+ CoEy
At this point it is worthwhile to explicitly write the expressions for Ag, By, Cy, Do and Ejy:
2s,(s2 — 1 252 +1
Ag(ss) = _S*(Sg“qv Bo(ss) = + S?is:g ’
2 2
s 2 -1
Colss) = +2l 2 py(sy) = ~sgd
S
3(s1 +2)
E =-="1
T
which can be used to check that the lowest order term is
3
st Bo+ AgE
28 x | ot Bot AoBo | _ s0) (S9)
{fss}” Do+ CoEp

where 6%0) is the lowest-order approximation (i.e. the electrostatic expression) given in equation (44) of the manuscript.

2n+1

When Taylor expanding susceptibilities of n—th order, i.e. §X or X, one will be able to factor out i&(LO) X x or

i'y,(LO) o 2"+3 and obtain an expression analogous to that in (S8).

The expression in (S8) essentially corresponds to Taylor expansion of the numerator and the denominator each up
to O(z™). In order to obtain an approximation of type B (cf. equations 27 and 50 in the manuscript), the next step
in the procedure would be to rearrange (S8) so that all terms in the expansion of (6)~! are in the numerator. Even
though this can be done for expansions to arbitrary (even) order N, for illustration we first consider the case of M = 2
(N =6):
1+ G122 + Gox* 4+ O(2%)

1— F1$2 — FQ.’L’4 + O($6)
= (107 X [1 + G122 + Gaz? + 0(2%)] x [1 + Fi2? + (F2 + Fy)a* + 0(a%)]
= (10{) 7! x [1+ 1a® + Baa + O(a°)],

where we used (1 —y)~t =1+ y +y? + O(y?), and introduced

B1=G1+ F
B2 = Gy + Fy + F1(G1 + F1).

(67 = (i6”) 71 x

Note that $8; and Sy differ from a; and as in equation (54) of the manuscript only by a multiplicative constant:
b1 = —%al and o = —%ag. By explicitly writing out the necessary coefficients F},, and G,, in terms of f, s, and
$1 = S¢/8s, the expressions for a; and ay given in the manuscript can be recovered. In doing so one will find that the
resultant expressions for 51 and (s are quite cumbersome, but they can be simplified greatly by introducing different
variables such as €,, €, and r defined in equations (45) and (46) of the manuscript.

However, even then, expressions for higher order (N > 8) approximations cease to be simple, though there may
well be a more convenient set of variables that could be used to simplify approximations of arbitrary order in a more
systematic and consistent manner. For completeness, we nevertheless return to the general case of arbitrary order M
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and make use of the infinite geometric series to manipulate (S8):

1 M /M k
— Fm 2m + O N
1= Y0y Fna2m + 0 (zN) 1; (mz—:l ‘ ) )

M /M k
=14 <Z me2m> +0 (=)
m=1

k=1

M
=1+ Zme2m+O(xN),
m=1
where in the last step the series has been rearranged, and the newly introduced auxiliary coefficients H,, are related
to Fy, via the multinomial formula. Now we can write (5;‘)71 up to order N = 2(M + 1) in x:
{fss}’ Do + CoEp
{fss}’ Bo + Ao Eo

<1 + f: Gpna®™ + 0 (xN)> (1 + f: Hpa®™ + O (:cN)ﬂ

m=1 m=1

(0) =27t x

X

M
1+ Z Z GijlL'2m + O (1’2<M+1))

m=1 jk
Jjt+k=m

_ 8 {fss}3 Dy + CyEy
{Fss} Bo + AoEo

which has the same form as equation (50) in the manuscript. Again we stress that, as m increases, the coefficients
gk
jt+k=m

rapidly become complicated functions of s1, s, and f, yielding relatively simple expressions only for M < 3. Without
being able to express higher order (M > 3) approximations in compact form, the utility in using them is somewhat
questionable.
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